ABSTRACT. We give a Holland-Walsh type theorem for a class of mappings between rectifiable connected metric spaces. We give a new expression for the Bloch number of a mapping in a very general setting. In particular this provides a new and simple characterisation of normal analytic functions and Bloch function in the unit disc. We give some more applications and derive some recent results in general settings.
INTRODUCTION
At the end of eighties Holland and Walsh [4] published an interesting theorem on characterisation of analytic Bloch function in the unit disc which includes the expression |f (z)−f (w)| |z−w| multiplied with an appropriate weight function depending on both variables. More precisely, they obtained that an analytic function f (z) belongs to the Bloch space in the unit disc U, i.e., (1 − |z| 2 )f ′ (z) is bounded in z ∈ U if and only if the expression 1 − |z| 2 1 − |w| 2 |f (z) − f (w)| |z − w| is bounded in z ∈ U and w ∈ U for z = w. More recently the same characterisation is given for analytic Bloch functions in the unit ball of C m by Ren and Tu [8] . After that Ren and Kähler [9] proved this characterisation for harmonic functions in the unit ball of R m . In 2008, Pavlović [7] proved that even continuously differentiable Bloch functions obey the same characterisation. Actually Pavlović proved much more.
Let us briefly recall the Pavlović result. Let B R m be the unit ball in R m . For a continuously differentiable function f in B R m with differential Df its Bloch number (semi-norm) is given by f b = sup{(1 − |x| 2 ) Df (x) : x ∈ B R m }.
Pavlović proved that the Bloch number of a continuously differentiable complex-valued function f may be expressed in the following differential-free way
For an analytic function f we have Df (z) = |f ′ (z)|, therefore from the Pavlović result we can recover the characterization of analytic functions in the Bloch space in the unit disc obtained by Holland and Walsh in their paper [4] as Theorem 3, as well as the Ren and Tu results.
In this paper give some theorems concerning mappings with controlled growth between metric and normed spaces. The results are motivated by the above Holland-Walsh theorem and by the Pavlović theorem. We generalize also some recent result given by the author [6] , as well as very recent results of Jocić [5] who generalized the Pavlović result for Fréchet differentiable mappings between Banach spaces. Jocić used completeness and removed continuity of differential. Here we give the result for domains in normed spaces without completeness condition. Our approach is more geometric. Finally we give a new characterization result for normal analytic functions in the unit disc U.
PRELIMINARIES
We give some preliminaries concerning curves in a metric space. Union of two curves γ 1 and γ 2 is the curve
Let P be the family of all partitions (subdivisions) of the segment [0, 1], i.e., the family of all finite sets T = {t 0 , t 1 , . . . , t n }, where 0 = t 0 < t 1 < · · · < t n = 1. A partition
A curve γ is rectifiable if the the set
is bounded. The length of the curve γ is the number
In the sequel we consider the rectifiable connected metric spaces, a such kind of metric spaces that for each x ∈ X and y ∈ X there exists at least one rectifiable curve γ which connects x and y, i.e., γ(0) = x and γ(1) = y.
2.2.
The class D c of mappings between metric spaces. Assume that (X, d X ) and (Y, d Y ) are metric spaces. For a mapping f : X → Y introduce the following quantity
for every x ∈ X. We will consider mappings f : X → Y which have the property that d f (x) is finite for every x ∈ X (it is clear that f must be continuous then), and such that for every compact set K ⊆ X there exists a constant M K such that d f (x) ≤ M K for every x ∈ K. This class of mappings will be denoted by D c (X, Y ).
2.
3. An image of a rectifiable curve via a mapping in D c (X, Y ) is rectifiable. Here we will prove the following lemma inspired by the preliminaries in the Colonna work [1] .
If γ is a rectifiable curve in the space X, then the image curve f • γ is rectifiable in the space Y .
Proof. Since γ is a compact set in X, and since f ∈ D c (X, Y ), we can find a positive constant M such that
where ζ j = γ(t ′ j ) for all j ∈ {0, 1, . . . , m}. Because of triangle inequality we have
Now we may estimate Π T (f • γ) in the following way
Since the subdivision T is an arbitrary one, we obtain that f • γ is also rectifiable, which we needed to prove, and moreover
2.4.
Weighted length of a rectifiable curve. An everywhere positive and continuous function on a metric space will be called a weight function on a metric space. Let ω be a such one function in a metric space (X, d X ). If γ is a rectifiable curve, its ω-length is given by the Riemann-Stiltjes integral
Note that in particulary we have L 1 (γ) = L(γ). For the sake of completeness, we will say some words on the Riemann-Stiltjes integral used above in order to express the ω-length of a curve.
For subdivision T = {t 0 , t 1 , . . . , t n } let us coordinate the setT = {t 1 , . . . ,t n }, such that t i−1 ≤t i ≤ t i for every i ∈ {1, . . . , n}, and let us denote
the corresponding integral sum.
The Riemann-Stiltjes integral γ ω is a real number such that for all ε > 0 there exists δ > 0 such that we have γ ω − σ γ (ω, T,T ) < ε for every subdivision T (and accompanied setT ) which satisfies diam(T ) < δ.
Particularly, we have
It is not hard to prove that the following statements are equivalent: (i) there exists γ ω;
(ii) for every ǫ > 0 there exist
For a weight function ω and a rectifiable curve γ the Riemann-Stiltjes integral γ ω exists. Indeed, let ε > 0 be any number. Because of uniform continuity for
Thus the integral γ ω exists.
The last integral is the ordinary Riemann integral.
2.5.
Weighted distance in a metric space. For a weight function ω in a metric space (X, d X ), the ω-distance between x ∈ X and y ∈ X is given in the following way
where γ is among all rectifiable curves connecting the points x and y. It is not hard to check that d ω ia a new distance function in X. For the sake of completeness we prove that in the next few lines.
If x = y and if γ is any rectifiable curve connecting x and y, then we have
, since we can take the trivial partition
Let ε > 0 be any number. Let γ 1 is a curve which connects x and y such that d ω (x, y) + ε/2 > L ω (γ 1 ), and let γ 2 is a curve which connects y and z such that d ρ (y, z) + ε/2 > L ω (γ 2 ). Then γ = γ 1 ∪ γ 2 connects x and z, and we have
A HOLLAND-WALSH TYPE THEOREM FOR METRIC SPACES
Here we prove a main result for metric spaces which connects the Bloch number and the Lipshitz number for mappings in D c (X, Y ).
3.1.
The Bloch type growth condition. Let ω andω be weight functions on metric spaces (X, d X ) and (Y, d Y ), respectively. We will consider mappings f ∈ D(X, Y ) which satisfy the growth condition of the following form
where M is a positive constant. For the such type mappings introduce the following quantity
which will be called the Bloch number of the mapping f . We denote by B ω,ω (X, Y ) the class of all mappings f ∈ D(X, Y ) for which the Bloch number B f is finite. It is clear that B ω,ω (X, Y ) ⊆ D c (X, Y ) since we have assumed that ω andω are continuous weight functions, and therefore d f is bounded on compact subsets of the metric space X.
3.2.
The Lipshitz type growth condition. Here we consider mappings f ∈ D(X, Y ) which satisfy the growth condition of the following type
For given weight functions ω in X, andω in Y , and a mapping f : D(X, Y ) introduce an everywhere positive function W f on X × X such that it satisfies the following conditions: for every x ∈ X and y ∈ X, there holds
and
We say that W f is an admissible for a mapping f with respect to the given weight functions ω andω. Of course, the function W f need not unique, and one may pose the existence question. Note that if W f is not symmetric, but satisfies all other conditions stated above, we can replace it by the symmetric functioñ
This new function will be admissible for f as it is easy to check.
Introduce now the following quantity
where W f is any admissible for f with respect to ω andω. We call it the Lipschitz number of f . The main result stated below says that the Lipschitz number does not depend on the choice of an admissible function (therefore the definition of L f is correct). The class of all mappings f ∈ D(X, Y ) for which Lipschitz number L f is finite is denoted by L ω,ω (X, Y ).
3.3.
A Holland-Walsh type theorem for metric spaces. Our main result is given in Theorem 3.1, and it shows that for any mapping f ∈ D(X, Y ) we have
i.e., the Bloch number is equal to the Lipschitz number of the mapping f . As a consequence we have that the Lipschitz number is independent of the choice of the admissible function W f , and the Bloch number may be expressed in the "differential" free way
where W f is any admissible function for f .
As an another consequence we have the coincidence of the two classes of mappings in
Thus, the Bloch class B ω,ω (X, Y ) may be described as
is finite for an admissible W f .
All stated above follows from the content of the following theorem. It may be seen as a generalization of the Pavlović result as well as the Jocić recent result for mappings between Banach spaces. Note that we have removed the C 1 -condition for mappings which condition is in the Pavlović theorem and in the author result, and we need not the completeness condition which figures in the Jocić theorem. Proof. For one direction, assume that the Lipschitz number of f ∈ D(X, Y ), i.e., the quantity
is finite, where W f is an admissible for f with respect to the given weight functions ω and ω. We are going to show that B f ≤ L f , which implies that the Bloch number B f must also be finite (and therefore f ∈ D c (X, Y )).
For every x ∈ X we have
where we have used the known fact that for non-negative functions A(ζ) and B(ζ) in a metric space. It follows that
which we aimed to prove. Assume now that the Bloch number B f is finite. We will prove the reverse inequality L f ≤ B f , which in particular implies that the Lipschitz number L f is also finite.
Let γ ⊆ X be any rectifiable curve connecting x ∈ X and y ∈ X, i.e., such that γ(0) = x and γ(1) = y. Since f ∈ D c (X, Y ), the curve f • γ ⊆ Y , which connects f (x) and f (y), is also rectifiable by the Lemma 2.1. Therefore, Lω(f • γ) is finite, and this number may be obtain as a limit of appropriate integral sums which diameters tend to zero.
Note that we haveω(f (x))d f (x) ≤ B f ω(x) for every x ∈ X. Since γ is compact, there exists a constant C such thatω(f (x)) ≤ C for every x ∈ γ.
We will now estimate theω-length of f • γ (i.e. the number Lω(f • γ)). Assume that ε > 0 is given. Let T = {t 0 , t 1 , . . . , t n } be a subdivision of [0, 1] such that the diameter of this subdivision is < ε. Let ζ i = γ(t i ) for every i ∈ {0, 1, . . . , n}. As in Lemma 2.1, refine the subdivision T (and denote the refinement by the same letter) such that we have
for every i ∈ {1, . . . , n}. For T , let X = {t 0 , t 1 , . . . , t n−1 }. Now, we obtain
If we let ε → 0 above, we obtain Lω(f • γ) ≤ B f L ω (γ). If we take now infimum over all curves γ we obtain inf γ Lω(f • γ) ≤ B f d ω (x, y). If δ is among curves which connect the points f (x) and f (y), we have
Therefore, we have proved that
for every x ∈ X and y ∈ X such that x = y. Applying now conditions posed on the admissible function W f , we obtain
It follows that
which we wanted to prove.
In the above theorem one admissible function is always given by
, if x = y and f (x) = f (y);
dω(x,y)/dX (x,y) , if x = y and f (x) = f (y).
Indeed, all we have to prove is that lim
ω(x) . But, this follows, since for x = y and f (x) = f (y) we have
Therefore, we have the following corollary. 
where M is a constant, if and only if there holds
for the same constant M .
Let us note that if we setω ≡ 1, then the distance dω is in some cases equal to the metric d Y (for example this occurs in the case of normed spaces). In this case the fourth condition of admissibility is independent of the function f , and one has to find an universal admissible function W(x, y) = W f (x, y) which satisfies the following simplified condition W(x, y)d ω (x, y) ≤ d X (x, y).
HOLLAND-WALSH TYPE THEOREMS FOR NORMED SPACES
Our aim here is to give more concrete results for Fréchet differentiable mappings between normed space which are based on the main theorem in the preceding section. We derive the Jocić recent result for operator monotone functions for ω.
If X is a normed space equipped with a norm · X , we denote by B X the unit ball in X. The standard metric in X is given by d X (x, y) = x − y X . Let Y be normed space with the norm
where Df (x) : X → Y stands for the Fréchet differential at x ∈ Ω of the mapping f , and
is norm of the linear operator Df (x) : X → Y . An immediate corollary of our main result is the following.
Corollary 4.1. Let ω be a weight function in a domain Ω in the normed space X and let d ω be the ω-distance in Ω. Then we have
for any Fréchet differentiable mappings f : Ω → Y .
4.1. The Jocić result for normed spaces. Stated below is the Jocić result from [5] . Here we give a proof based on our main result for metric spaces which does not use completeness.
Proposition 4.2. Let X and Y be normed space, let f : B X → Y be a Fréchet differentiable mapping and let ϕ be an operator monotone function in (−1, 1) . Then we have
Proof. It is known that operator monotone function ϕ satisfies the following inequality
for every a and b with b > a. We will use this inequality in order to prove the admissibility of
for the weight function ω = ϕ ′ andω ≡ 1 in the unit ball B X and Y , respectively. Only we have to show that the following inequality is true
for every x ∈ B X and y ∈ B X . We have
It seems that the Theorem 4.6 and Corollary 4.7 stated below improves the above one proposition. 
may be expressed as
As in [5] we have to take ϕ(t) = It is known that expression for the hyperbolic distance in the unit ball is given by
(for example, see [10] ). Using the inequality asinh t ≤ t for t ≥ 0 (indeed, let φ(t) = asinh t − t; then we have φ(0) = 0, and φ ′ (t) = 1 √ 1+t 2 − 1 < 0 for t > 0, so the inequality follows since φ(t) ≤ φ(0) = 0) proved above, one deduces the inequality which says that W(x, y) is admissible
for every x ∈ B R m and y ∈ B R m . The Pavlović result in this case now follows.
4.3.
A characterisation of normal functions. We investigate now the growth condition which is satisfied by the class of normal functions and we give a next Holland-Walsh type theorem. 
for a constant M , if and only if there holds
i.e., if and only if there holds
for every x ∈ B R m and y ∈ B R m .
Proof. In our main result for metric spaces let us take for the space X the unit ball B R m , and for Y = R 2 . Let moreover ω(x) = 1 1−|x| 2 , for x ∈ B R m andω(z) = 1 1+|z| 2 for z ∈ R 2 . As we have already said that d ω is the hyperbolic distance in the unit ball B R m , and dω is the spherical metric in R 2 . We have
and for the spherical distance we have the following expression
We will prove that
is an admissible function for a given mapping f (z) with respect to the hyperbolic and spherical weights. Note that
Since W f (x, y) is symmetric and continuous, we have only to prove that W f (x, y) satisfies the inequality
Having in mind the inequality asinh ≤ t for t ≥ 0, we obtain
which is the inequality we aimed to prove. For non-negative numbers A and B there holds the following simple inequality
Applying this inequality, we obtain that
is also admissible for f . Indeed, we have
=W f (x, y).
Since here W f (x, y) ≥W f (x, y) it seems that the second characterisation improves the one above it. The second part of the theorem may be deduced from the Theorem 4.6 given below for convex domains.
Ii is very well known that Bloch functions are uniformly continuous with respect to the Eucledean distance and the hyperbolic distance, respectively, |f (z)−f (w)| ≤ CD h (z, w), as well as that normal function are uniformly continuous with respect to the hyperbolic matric and spherical metric, D s (f (z), f (w)) ≤ CD h (z, w). It is known that these conditions are equivalent to the following growth conditions. An analytic function satisfy the growth conditions |f ′ (z)| ≤ C Based on the previous results, we now state the characterisation of Bloch and normal analytic functions in the unit disc. is bounded as a function of two variables z ∈ U and w ∈ U for z = w.
4.4.
A min-max theorem. Our aim here is to derive the following Holland-Walsh type theorem. In this theorem we have found an admissible function which is very simple for monotone in norm weight functions in convex domains. It would be of interest to find such simple admissible functions for other domains and/or for other weight functions not necessary monotone in norm. for every Fréchet differentiable mapping f : Ω →Ω.
